A 1-factor M of a cubic graph G is strong if |M ∩ T | = 1 for each 3-edge-cut T of G. It is proved in this paper that a cubic graph G has precisely three strong 1-factors if and only if the graph can be obtained from K4 via a series of ↔ Y operations. Consequently, the graph G admits a Hamilton weight and is uniquely edge-3-colorable.
Introduction
A weight w : E(G) → {1; 2} is called a (1; 2)-weight of G. A graph G associated with a weight w is usually denoted by an ordered pair (G; w). A (1; 2)-weight of a graph G is eulerian if the total weight of each edge-cut of G is even. Let G be a bridgeless graph and w : E(G) → {1; 2}. A family F of circuits of G is called a faithful circuit cover of (G; w) if each edge e of G is contained in precisely w(e) members of F.
Let w be a (1; 2)-eulerian weight of a cubic graph G. A faithful circuit cover F of (G; w) is hamiltonian if F is a set of two Hamilton circuits. A (1; 2)-eulerian weight w of G is hamiltonian if every faithful circuit cover of (G; w) is hamiltonian.
The study of Hamilton weight and Hamilton cover is motivated by and intimately related to Circuit Double Cover Conjecture (Conjecture A).
Let G be a smallest counterexample to Circuit Double Cover Conjecture and e ∈ E(G). Let F be a circuit double cover of G \ {e} with |F| as large as possible. Then, it can be proved [12] that, for each pair of circuits C 1 ; C 2 ∈ F with a non-empty intersection, the underlying graph of the subgraph of G induced by edges of C 1 ∪ C 2 admits a Hamilton weight. The characterization of graphs admitting Hamilton weights may provide a powerful tool for approaching the solution of Circuit Double Cover Conjecture. It is proved in [11] that a cubic graph admitting a Hamilton weight and containing no subdivision of the Petersen graph must have precisely one 1-factorization.
The → Y operation is an operation of a cubic graph that contracts a triangle to a vertex. The Y → operation is an operation of a cubic graph that expands a vertex to a triangle. Let K 4 be the set of all graphs obtained from K 4 by a series of → Y operations and Y → operations.
Conjecture 1.1 (Zhang [11] ). Let G be a 3-connected cubic graph. Then G admits a Hamilton weight if and only if G ∈ K 4 .
It is obvious that the ↔ Y -operation preserves the number of strong 1-factors in a cubic graph and, therefore, G has precisely three strong 1-factors if G ∈ K 4 . The following is the main result of the paper. 
Notation and terminology
An edge-cut T is cyclic if each component of G \ T is not acyclic. Let C = v 1 : : : v 2n v 1 be a Hamilton circuit of a cubic graph G. The pace of a chord v a v b of C is the minimum of |a − b| and 2n − |a − b|.
Let H 1 and H 2 be two cubic graphs and v i ∈ V (H i ) for each i = 1; 2 with neighbors {x i; 1 ; x i; 2 ; x i; 3 }. Then the graph G obtained from H 1 and H 2 by deleting v 1 and v 2 and adding edges {x 1; x 2; : = 1; 2; 3} is called a 3-joint of H 1 and
For other standard notation and terminology, readers are referred to [1] (or [12] ).
Lemmas
In order to reduce the length of the paper, proofs of many lemmas are eliminated if they are not complicated.
Lemma 3.1 (Goldwasser and Zhang [6] ). Every graph G ∈ K 4 can be obtained from
Note that 3K 2 is the unique loopless cubic graph with two vertices.
2, H 1 has two disjoint triangles, one of which, say, C, does not contain the vertex v 1 . Let H 1 be the graph obtained from H 1 by contracting C. By induction, the 3-joint G of H 1 and
Lemma 3.4. Let M be a 1-factor of a cubic graph G. Then;
for every edge-cut T of G.
Lemma 3.5. If a cubic graph G has an edge-3-coloring c : E(G) → {1; 2; 3}; then the subgraph c −1 (i); for each i ∈ {1; 2; 3}; is a strong 1-factor.
Lemma 3.6. Let M be a 1-factor of a cubic graph G and C be a circuit of G such that the edges of C are alternatively in M and E(G)\M . Then C M is a 1-factor distinct from M.
By applying Lemma 3.6, we have the following lemma that is to be applied in the proof of the theorem. By a theorem of Edmonds ([2] , or see [9] ), we have the following lemma.
Lemma 3.8 (Edmonds [2] , or see [9] ). Let G be a 2-connected cubic graph. Then there is an integer p and a family M of strong 1-factors such that each edge of G is contained in precisely p members of M.
An immediate corollary of Lemma 3.8 is the following observation, which will be applied in the proof of the main theorem.
Lemma 3.9. If a cubic graph G has precisely three strong 1-factors; then G has precisely one 1-factorization. Now, with the aid of all those lemmas, we are ready to prove Theorem 1.3.
Proof of the main result and its corollary
Proof of the 'only if ' part of Theorem 1.3: Let {M 1 ; M 2 ; M 3 } be the set of all strong 1-factors of G. By Lemma 3.9, {M 1 ; M 2 ; M 3 } is the unique 1-factorization of G. By Lemma 3.7, M i ∪ M j is a Hamilton circuit of G for each {i; j} ⊆{1; 2; 3}.
Let G be a smallest counterexample to the theorem. We claim that G is cyclically 4-edge-connected. If G has a cyclic 3-edge-cut T = {e 1 ; e 2 ; e 3 }, let H 1 and H 2 be two cubic graphs obtained from G by contracting a component of G \ T , and, by Lemma 3.9, let e i ∈ M i for each i = 1; 2; 3. Obviously,
is a set of strong 1-factors of H 1 . If H 1 has a strong 1-factor M distinct from any of {M 1 |H i ; M 2 |H 1 ; M 3 |H 1 } and let e 1 ∈ M , then M ∪ M 1 |H 2 is a strong 1-factor of G distinct from any of {M 1 ; M 2 ; M 3 }. This contradicts that G has precisely three strong 1-factors. Therefore, H 1 and H 2 ∈ K 4 since G is the smallest counterexample to the theorem. By Lemma 3.3, the 3-joint G of H 1 and H 2 is in K 4 . This contradicts that G is a counterexample to the theorem.
Let C = v 1 : : : v 2n v 1 = M 1 ∪ M 2 be a Hamilton circuit of G where {v 2i−1 v 2i : i = 1; : : : ; n} = M 1 and {v 2i v 2i+1 : i = 1; : : : ; n; mod(2n)} = M 2 .
We claim that the pace of each chord of C must be even. If not, let v a v b be a chord of C with |a − b| odd. Without loss of generality, let a be odd. That is, v a v a+1 and v b−1 v b ∈ M 1 . Then C = v a : : : v b v a is a circuit of G whose edges are alternatively in
Since G is cyclically 4-edge-connected, the 1-factor M 4 is strong. This contradicts that G has precisely three strong 1-factors.
Without loss of generality, let v 1 v t be a chord of C with the smallest pace (here, without loss of generality, assume that 0 ¡ t−16n). Since G is triangle-free and each chord of C is of even pace, n¿t¿5 and t is odd. By the choice of v 1 v t , the chord v 2 v s must be with s ∈ {1; : : : ; t}. And s must be even. Then let C = v 2 v 1 v t v t+1 : : : v s−1 v s v 2 which is a circuit alternatively in M 1 and M 2 ∪M 3 . By Lemma 3.6, M 4 =C M 1 is a 1-factor of G distinct from any of {M 1 ; M 2 ; M 3 }. Since G is cyclically 4-edge-connected, the 1-factor M 4 is strong. This contradicts that G has precisely three strong 1-factors. The following is a corollary of Theorem 1.3 (and is a partial result for Conjecture 1.1).
Corollary 4.2. Let G be a 3-connected cubic graph. The following statements are equivalent.
(1) every (1; 2)-eulerian weight w M induced by a strong 1-factor M is a Hamilton weight; (2) G has precisely three strong 1-factors and
Proof: It is not hard to prove that 3 ⇒ 1. And 3 ⇔ 2 is Theorem 1.3.
Here is a sketch of the proof for 1 ⇒ 2. Assume that G has at least four distinct strong 1-factors. Then there are two strong 1-factors M 1 and M 2 such that M 1 ∩ M 2 = ∅ and M 1 = M 2 . Since w Mi is a Hamilton weight of G, let {C i ; C i } be a Hamilton cover of (G; w Mi ) (i = 1; 2). Then {M i ; M i ; M i }, for each i = 1; 2, is a 1-factorization of G, where
It is not hard to see that
is a faithful circuit cover of (G; w M1 ). Furthermore, no member of C is empty since M 1 ∩M 2 = ∅ and M 1 = M 2 . This contradicts that w M1 is a Hamilton weight of G. Thus, G has at most three distinct strong 1-factors. Actually, G has precisely three strong 1-factors, they are M 1 ; M 1 ; M 1 deÿned above. 
